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= 0 : (4)



















for relativistic and w
x
= 0 for non-relativistic
components, determine together with (4) the background






(). The big-bang nucleosynthesis




















and thus do not interfere
with the standard BBN. The background model, which also
yields the magnitude-redshift relation, is further constrained
by the observed Ia supernovae.
In our simulations we use the following parameters.
The Hubble constant H
0





to h = 0:65 lying closely to the average value of various
determinations of the Hubble constant (Krauss 2001). The
density of baryonic matter 

bar









' 0:021 consistent with the big-bang
nucleosynthesis (Tytler et al. 2000) and to the DASI (Pryke
et al. 2001) and BOOMERanG (Nettereld et al. 2001) mea-







= 0:35. Since we discuss models with negative





) < 0:6, where

0
is the present conformal time.
Examples of potentials V () possessing a minimum at
 = 0 are given by the cosine potential





















and the hyperbolic-cosine potential





















Here, the initial conditions for the scalar eld are 
in
6= 0
such that  evolves towards the minimum and then (possi-




set to zero, i. e. initially one has w

=  1. In the following
we dene the above potentials by the dimensionless param-
eters  and  which are related to A and B by
A =: ( eV)
4







denotes the Planck mass (~ = 1).
Examples of monotonous potentials V () are given by
the simple exponential potential
V () = A exp( B) (8)




+ 1) (in the at case) the re-
markable property of self-adjusting w

to the background
equation of state w
b
(scaling solution) (Copeland et al. 1998;





;  > 0 ; (9)






) is shown in dependence on  and  for the
exponential potential (8) with the initial condition 
in
= 0.
et al. 1999; Steinhardt et al. 1999). These potentials are
also obtained by requiring a constant w

during a given
evolution stage of the universe. The inverse power potential
(9) is obtained by requiring w

= const. during the radiation
epoch, and the exponential potential (8) is obtained by this
requirement during the quintessence epoch.
The CMB anisotropy is computed according to Ma and
Bertschinger (1995) using the conformal Newtonian gauge.
As mentioned above, the relativistic components are three
massless neutrino families and photons with standard ther-
mal history. For the photons, the polarization dependence
on the Thomson cross section is taken into account. The re-
combination history of the universe is computed using REC-
FAST (Seager et al. 1999). The non-relativistic components
are baryonic and cold dark matter. The initial conditions
are given by an initial curvature perturbation with no ini-
tial entropy perturbations in relativistic and non-relativistic
components. Furthermore, we assume that there are no ten-
sor mode contributions. The initial curvature perturbation
is assumed to be scale-invariant which is \naturally" sug-
gested by inationary models. The evolution of the inhomo-
geneities of the scalar eld, which are initially set to zero,
is computed along the lines of Hu (1998). Furthermore, no
reionization is taken into account. This approximation is
justied since there is evidence that reionization occurs late
around z  6 as the recent detection of a Gunn-Peterson
trough in a z = 6:28 quasar shows (Becker et al. 2001). The
CMB anisotropy computations also yield the linear power
spectrum P (k) of the LSS.
The above potentials depend on two parameters  and








determined by the condition that the Hubble parameter
of the model coincides with the assumed Hubble constant
h = 0:65, a one-parameter curve  = () is obtained for
the potentials (6) to (9). The behavior of the scalar eld
 is determined by the damping term in (4), i. e. whether
c
 2001 RAS, MNRAS 000, 1
Dark Energy in a Hyperbolic Universe 3
the initial conditions and the potential are chosen such that
the eld evolution is over-damped and the eld is frozen
to its initial value leading to a model nearly indistinguish-
able from a cosmological constant, or whether the damping
plays only a minor role and the eld evolves towards the po-
tential minimum. (See Coble et al. (1997); Kawasaki et al.
(2001) for a discussion in the case of the cosine potential.)





) in dependence on the parameters
 and  for the exponential potential (8) with the initial
condition 
in









) = 0:6, i. e. values of
(;) within this plateau correspond to solutions with pos-






) = 0:3; 0:4; 0:5, respectively. The over-damped do-
main corresponds to small values of , i. e. to   0:002 in





) today. For the poten-
tials (6) and (7) one obtains similar gures. The potential
(9), however, does not display a sharp edge at which the
evolution changes from frozen to rapidly evolving.
2 POTENTIALS WITH A MINIMUM







=(2) of the CMB anisotropy on the
potentials (6) and (7). Figure 2 shows the ÆT
l
=T spectra
for three dierent models for the hyperbolic-cosine poten-





) = 0:5, i. e. 

tot
= 0:9. The models belong
to three dierent values of , i. e.  = 0:0025,  = 0:0056,
and  = 0:00585, respectively, using 
in
= 1=B. The curves
are compared with the band powers provided in Wang et al.
(2001) obtained from an essentially lossless data compres-
sion of 105 CMB data points.
The location of the rst peak depends mainly on the
sound horizon at last scattering and on the angular diameter
distance to the surface of last scattering (SLS). For the mod-
els with the potential (7), shown in gure 2, the sound hori-








the angular diameter distance becomes smaller for larger
values of , i. e. for a more dynamical eld, the location of
the peaks is shifted towards lower multipoles l. This general
trend is slightly modied by the oscillatory behavior of the
eld as is revealed by gure 2 where the rst peak lies at
l = 244, l = 201 and l = 210 for  = 0:0025,  = 0:0056
and  = 0:00585, respectively. Thus larger values of  yield a
rst peak near l ' 200 even for 

tot
< 1. The location of the
rst peak for the models with  = 0:0056 and  = 0:00585
is in agreement with the observations. The second and third
peaks occur, however, at too low values of l.
Although the latter two models seem to be very similar
with respect to the C
l
spectra, their magnitude-redshift re-
lation is dierent as shown in gure 3. Here, the magnitude-
redshift relation m
B
(z) is compared with the data from
Hamuy et al. (1996); Riess et al. (1998); Perlmutter et al.




of supernovae Ia (Hamuy et al. 1996). The data are well de-
scribed by the models with  = 0:0025 and  = 0:00585, but
the curve belonging to  = 0:0056 gives too small values.
Thus, the model with  = 0:00585 is in agreement with the
CMB and the supernovae observations. The reason for this
complementary behavior is revealed by gure 4, where the
evolution of the equation of state w


















= 0:9 models for the hyperbolic-cosine potential (7)
with  = 0:0025 (full curve),  = 0:0056 (dashed curve), and
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Figure 3. The magnitude-redshift relation m
B
(z) is shown for
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w







is shown as a
function of conformal time  for the same models as in gures 2
and 3. The curves end at 
0
, where the Hubble parameter of the
models coincides with the assumed Hubble constant.
c
 2001 RAS, MNRAS 000, 1
4 R. Aurich and F. Steiner




=  1 to w

'  0:83. The other mod-
els with  = 0:0056 and  = 0:00585 have already bypassed
a phase with w

= +1, in which the potential vanished and
the kinetic term dominated. The supernovae measurements
test the more recent history up to z = 1, which corresponds
to (z = 1) ' 0:60 for both models. Therefore, the model
with  = 0:00585 possesses a more negative eective w

av-
eraged over z from z = 1 to z = 0. This in turn gives a
better match with the supernovae observations.
The models have to provide an age of the universe com-




Gyr (Krauss 2001). The nearly frozen eld case
 = 0:0025 has an age of 12.9 Gyr, whereas the model with
 = 0:0056 has a too low age of 9.9 Gyr because of its large
mean value of w

. The third case with  = 0:00585 leading
to a lower mean value of w

gives 10.9 Gyr. In the last case,
which agrees both with the CMB and supernovae data, the
age may be too low if the error bounds in the age determi-
nation of globular clusters tighten.
Using the above initial conditions for the cosine poten-
tial (6) gives very similar results. The main dierence is
observed in the angular power spectrum for small values of
l. The increase in power for l . 10 in gure 2 is due to an in-
creased integrated Sachs-Wolfe contribution because of the
gravitational instability of modes whose physical wavelength
exceeds a critical value (Jeans wavelength) (Khlopov et al.
1985; Nambu and Sasaki 1990; Fabris and Martin 1997).
That critical value can be obtained by expanding the po-
tential at its minimum. The sign of the quartic term de-
termines whether the gravitational instability is partially
damped (positive sign as in (7)) or increased (negative sign
as in (6)) relative to the purely quadratic potential (Khlopov
et al. 1985). This leads to additional power for l . 10 for the
cosine potential (6) in comparison to the hyperbolic-cosine
potential (7). This instability rules out potentials (6) and (7)
having a parameter  & 0:0065 leading to too much power at
small values of l. Such models are possible, however, in com-
pact hyperbolic universes, such that the Jeans wavelength
is larger than the largest wavelength of the eigenmode spec-
trum with respect to the Laplace-Beltrami operator. The
largest wavelength belongs to the smallest eigenvalue of the
compact fundamental cell. If the volume of the fundamen-
tal cell is small enough, the smallest eigenvalue would be
suÆciently large, such that the largest wavelength would be
smaller than the Jeans wavelength and no instability would
occur. The eect of a nite size for nearly at universes with
respect to low multipoles l is discussed in Aurich and Steiner
(2001a) in connection with a special dark energy component.
3 MONOTONOUS POTENTIALS
Models with monotonously decreasing potentials begin with
small values of the scalar eld  which then slides down the
potential to ever increasing values of . The potentials with
a minimum discussed above show that the location of the






behavior is also found in the case of the exponential poten-
tial (8). The inverse power potential (9), however, displays











) = 0:5, i. e. 

tot

















= 0:85 for the exponential potential (8) with  = 0:0045




= 0:25 is used and 
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Figure 6. The magnitude-redshift relation is shown for the same
models as in gure 5 in comparison with the supernovae Ia data.
peak lies at l ' 225. Thus the exponential potential is more
exible with respect to the peak position and, hence, does




= 0:45, i. e. for 

tot
= 0:85, with  = 0:0045 is shown
in gures 5 and 6, where the angular power spectrum and
the magnitude-redshift relation is shown, respectively. These
gures also show a model where the quintessence contribu-
tion is increased to 


= 0:55 at the expense of the cold




The rst peak lies at l = 230 for 

cdm
= 0:35 and at
l = 224 for 

cdm
= 0:25, respectively. The second and third
acoustic peaks are also at the correct positions. Both models
are compatible with the current CMB and supernovae data,
which demonstrates that these data cannot discriminate be-
tween such dierences. However, these models behave very
dierently concerning the large-scale structure as will be dis-
cussed in the next section. Both models give an age of 11.2
Gyr being at the lower allowed edge. In these models w

has
not reached its asymptotical value zero. In the past, which is
tested by the supernovae data, w

had values of order  0:1.
Another class of quintessence models species the equa-
tion of state w

instead of giving the potential. It is even
c
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= 0:5, i. e. 

tot
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B
Figure 8. The magnitude-redshift relation is shown for the same
two models as in gure 7 in comparison with the supernovae Ia
data.
possible to construct potentials which lead to a constant
w

. The form of such potentials depends on the other en-
ergy components of the model. The simplest cases are a pure
quintessence model, which leads to the exponential poten-
tial (8), and a radiation-dominated model, which gives the
inverse power potential (9). With more components, ana-
lytic expressions of the potentials can be given only for spe-







, the potential for a three-
component model with radiation, matter and quintessence
reads (Aurich and Steiner 2001b)
V () =
A
(~ sinh (B(  
in




























































. This potential interpolates be-
tween the inverse power potential during the radiation epoch
and the exponential potential during the quintessence epoch.
























= 0:5, i. e. 

tot
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Figure 10. The magnitude-redshift relation is shown for the
same two models as in gure 9 in comparisonwith the supernovae
Ia data.
which we set to zero. The CMB angular power spectrum is
shown in gure 7 for the two cases 









= 0:9 and 

tot
= 0:85, respectively. The rst peak








= 0:85, and the second and third peaks also match. The
magnitude-redshift relation is for both models nearly iden-
tical, such that both curves cannot be separated in gure 8.
The age of the universe is 11.7 Gyr in both cases.






for a two-component model consisting of matter and
quintessence (Aurich and Steiner 2001b)
V () =
A
~ sinh (B(  
in










































. Using this potential in a three-






during the radiation epoch,
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= 0:45, respectively. The peaks in the CMB spec-
trum occur at too high values of l in order to be compatible
with the observations. The magnitude-redshift relation is,
however, in perfect agreement with the data. These models
give with 12.5 Gyr and 12.4 Gyr older universes than the


















4 THE LARGE-SCALE STRUCTURE
A further data set which the quintessence models have to
explain is the power spectrum P (k) of the large-scale struc-
ture (LSS). In the following we compare the models with
the power spectrum P (k) obtained from a compilation of
galaxy cluster data by Peacock and Dodds (1994) and with
the decorrelated P (k) by Hamilton et al. (2000) using the
IRAS Point Source Catalog Redshift Survey (PSCz) (Saun-
ders et al. 2000). These power spectra are shown in gures 11
to 13 as full squares (Peacock and Dodds 1994) and as circles
(Hamilton et al. 2000). The linear regime is at wave num-
bers k . 0:3hMpc
 1
, where one expects a scale-independent





scales, a scale-dependent bias is expected from N -body sim-
ulations. A nearly at CDM model (long dashed curve) is
presented in gure 11 together with a CDM model without
dark energy (dotted curve), where the latter has too much
power at small scales. In addition gure 11 shows the power
spectra for the three quintessence models that agree with
the CMB and supernovae data: the hyperbolic-cosine po-
tential (7) with  = 0:00585 for 

tot
= 0:9, the exponential
potential (8) with  = 0:0045 for 

tot
= 0:85, and the po-
tential (10) for 

tot
= 0:9 with the CMB normalization used
in gures 2, 5 and 7, respectively. All three spectra show a
very similar behavior and are only slightly below the data
obtained by Peacock and Dodds. Using a bias parameter
b ' 1:1 would make the match almost perfect. In gures 11
to 13 no bias parameter is used.
It is well known that quintessence models have less
power than a CDM model where the dark energy is pro-
vided by the time-independent vacuum energy density. This
is due to the suppression of growth of perturbations dur-
ing the dark energy-dominated epoch. And this epoch be-
gins generally earlier in quintessence models than in CDM
models (for a discussion of the at case, see e. g. Coble et al.
(1997); Wang and Steinhardt (1998); Skordis and Albrecht
(2000); Doran et al. (2001)). To emphasize that point, gure
12 shows P (k) for the three hyperbolic-cosine quintessence
models shown in gures 2 to 4. These models dier in the
duration of the dark energy-dominated epoch. The full curve
in gure 12 belonging to  = 0:0025 shows the behavior for
the frozen eld, where w

increases from initially  1 to only
 0:83, i. e. this case is practically indistinguishable from a
CDM model with a constant vacuum energy density. In
this case the duration of the dark energy-dominated epoch
is nearly the same as for a CDM model. Increasing  to
 = 0:0056 and  = 0:00585, respectively, and thus en-





0.01 0.1 1k [h Mpc 1]
P (k)





as full curves for the three quintessence models which match the
CMB and supernovae data (the hyperbolic-cosine potential (7)
with  = 0:00585, the exponential potential (8) with  = 0:0045
and the potential (10) with 

tot
= 0:9). P (k) of the exponential











= 0:93 and 

bar







= 0:05 and 

vac
= 0:68 (long dashed
curve). The data points are from Peacock and Dodds (1994) (full
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for the three quintessence models shown in gures 2 to 4, i. e. for
the hyperbolic-cosine potential (7) for 

tot
= 0:9 with  = 0:0025
(full curve),  = 0:0056 (dashed curve) and  = 0:00585 (dotted
curve). The data points are the same as in gure 11.
matter-dominated epoch and, in turn, leads to lower LSS
power as shown in gure 12.




dark matter perturbations are not coupled to the radiation
perturbations as is the case for the baryons before recom-
bination. To stress that point, gure 11 shows also a model




= 0:85, where 

cdm










= 0:55. As shown in gures 5 and 6 this
modication alters the CMB behavior and the magnitude-
redshift relation only marginally. The LSS power, however,
is then by a factor of three too low for k & 0:04hMpc
 1
as
displayed by the dashed curve in gure 11. This LSS depen-
c
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for three quintessence models with the exponential potential (8)
using  = 0:006 for 

tot
= 0:9 with 

cdm




= 0:5 (dashed curve), and 

cdm
= 0:75 (dotted curve).












= 0:25 to 

cdm
= 0:75. In comparison to CDM mod-
els, quintessence models need higher contributions of 

cdm
in order to compensate for the shorter matter-dominated
epoch.
The LSS power is not only reduced by substituting the
time-independent vacuum energy density by quintessence,
but is additionally reduced by the negative curvature in com-
parison to at models. The more negative the curvature, the
more is the LSS power reduced (Wang and Steinhardt 1998).
For the hyperbolic-cosine potential (7) in the nearly frozen
case (w

<  0:97), the LSS power increases by a factor of
1.2 by increasing 






els, i. e. by increasing 

tot
from 0.85 to 0.98, despite the fact
that the dark energy component is increased which by itself
reduces the LSS power.
5 CONCLUSIONS
We have studied quintessence models with various potentials
for a universe with negative curvature. We assumed thereby
h = 0:65, 

bar
= 0:05 and a scale-invariant Harrison-
Zel'dovich spectrum. Several potentials have been found
which are consistent with the current CMB anisotropy, su-




as small as 

tot
= 0:85. The best matches
have been found for the hyperbolic-cosine potential (7) (af-
ter passing once the minimum in the equation of state w

,
see the dotted curve in gure 4), the exponential potential






The potential (7) has, however, problems to describe the
second and third peaks. In order to nd agreement with
the LSS data, it is necessary to use 

cdm












= 0:35  0:1(2) (Krauss 2001). Therefore our value
belongs to the higher values of the allowed range. However,
such a relatively large value is necessary in order to match




, this would favor quintessence models in com-
parison to CDM models, because the latter have longer
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